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Abstract
Using a result of A. Wagner, we prove the maximality of certain subgroups belonging to
the fifth Aschbacher’s class.
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1. Introduction
Aschbacher’s theorem [1] surely represents the major contribution to the classi-
fication of the maximal subgroup of the finite classical groups. Aschbacher defines
eight ‘geometric’ classes C1 − C8, of subgroups of the finite classical groups and
proves that a maximal subgroups either belongs to one of these classes or it has a
non-abelian simple group as its generalized Fitting subgroup.
In Kleidman and Liebeck [11], relying upon the classification of finite simple
groups identified the members of the eight classes for modules with dimension
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greater than 12 and later on, Kleidman [10] completed the work for modules with
dimension up to 12 but without furnishing proof of his result.
Li [12] obtained several results on maximal subgroups of classical groups, allow-
ing the ground field to be infinite. Mainly, he adopted an elementary but rather tech-
nical matrix approach.
At least seven of the eight Aschbacher’s classes can be described as stabilizers of
geometric configurations and hence, one might prefer a geometric approach to the
classification of maximal subgroups which is free of the classification of finite simple
groups, by using the natural representations of classical groups and their geometry;
see, for example [2–4,6,8].
In this paper, we are interested in Aschbacher’s class C5.
Let V = V (n, q) be an n-dimensional vector space, n  3, over the finite field
GF(q), q = ph, p prime. Let GF(q0) be a maximal subfield of index r in GF(q),
that is, q0 = q1/r , r prime and V0 be the GF(q0)-span of a GF(q)-basis β of V . The
class C5 is the collection of normalizers of the classical groups acting on the vector
space V0. Here, the groups GLn(q) and SLn(q) are viewed as stabilizers of a null
form, with respect to which all subspaces are totally isotropic.
In the beautiful paper [14], Wagner classified, under suitable conditions, the
irreducible subgroups of the special linear, symplectic and special unitary group,
generated by transvections when n  3. Dickson’s complete classification of the
subgroups of PSL2(q) disposes of the case n = 2 [5].
We will use Wagner’s classification to prove the following theorem.
Theorem 1.1. Let G(q) be one of the groups SLn(q), Spn(q), SUn(q) (q a square),
F be the form stabilized by G(q), 0 be the lattice of totally isotropic subspaces with
respect to the restriction F|V0 of F to V0 and let G0 denote the stabilizer of 0 in
G(q). If q0 > 2 (√q0 > 2 in the unitary case), then G0 is maximal in G(q).
2. The subfield subgroups class C5
As usual, GLn(q) and SLn(q) denote the general and the special linear group
on V , respectively; GUn(q), q a square, denotes the general unitary group on V
stabilizing a non-degenerate hermitian form C on V up to a scalar, Un(q) denotes
the unitary group on V stabilizing C and SUn(q) is defined to be Un(q) ∩ SLn(q).
When n is even, GSpn(q) denotes the general symplec group on V stabilizing
a non-degenerate alternating form A on V up to a scalar and Spn(q) denotes the
symplectic group on V stabilizing A.
It is well known that every element in GLn(q0) extends to an element of GLn(q)
uniquely [11]. Thus, GLn(q0)  GLn(q).
Let A be a non-degenerate symplectic form on V , β be a symplectic basis of V
and V0 be the GF(q0)—span of β. The restriction A|V0 to V0 is a non-degenerate
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symplectic form on V0. If g ∈ GSpn(q0), the unique extension of g to GLn(q) lies in
GSpn(q). Thus we get the natural inclusion GSpn(q0)  GSpn(q).
Let C be a non-degenerate hermitian form on V = V (n, q), q square. Let β be an
orthonormal basis of V and V0 the GF(q0)–span of β. If r is odd, the restriction C|V0
of C to V0 is a non-degenerate hermitian form on V0. If g ∈ GUn(q0), the unique
extension of g to GLn(q) lies in GUn(q). Thus, GUn(q0)  GUn(q); if r = 2, then
C|V0 is symmetric rather than hermitian.
In the geometry of classical groups, transvections play a crucial role. We recall
that a transvection in GLn(q) is a map of the form
tϕ,u : v −→ v + ϕ(v)u,
where u is a non-zero vector of V and ϕ is a linear form on V with ϕ(u) = 0.
The subspaces P = 〈u〉 and H = ϕ−1(0) of dimension 1 and n − 1 respectively,
are called the center and axis of the transvection.
A symplectic transvection tϕ,u, i.e. tϕ,u ∈ Spn(q), has the form
t (v) = v + aA(v, u)u,
for some a ∈ GF(q) and u ∈ V . Similarly, a unitary transvection tϕ,u has the form
t (v) = v + aC(v, u)u,
where u is isotropic and a ∈ GF(q) satisfies a + σ(a) = 0; here, σ is the unique
involutory automorphism of GF(q) which is given by σ(a) = a√q .
In the symplectic and unitary cases, the centers are precisely the one-dimensional
totaly isotrpic subspaces.
Furthermore, it is known that the groups SLn(q), SUn(q) and Spn(q) are gener-
ated by transvections [13].
We state the following result which will be used in the proof of Theorem 1.1.
Lemma 2.1. The set TP,H of all transvections in G(q) with center P and axis
H, together with the identity is a group isomorphic to the additive group of GF(q)
(GF(√q) in the unitary case).
Proof. If P = 〈u〉, then every transvection in TP,H has the form tϕ,u. Let H =
〈v1, . . . , vn−1〉. Then, there exists w ∈ V such that V = 〈v1, . . . , vn−1, w〉.
Denote by ω1, . . . , ωn the dual basis of v1, . . . , vn−1, w. Clearly, tµωn,u ∈ TP,H and
tµωn,utλωn,u = t(µ+λ)ωn,u ∈ TP,H , for every µ, λ ∈ GF(q) (and µ + µ
√
q = λ +
λ
√
q = 0 in the unitary case).
Conversely, let tϕ,u ∈ TP,H . Then, we have tϕ,u(v) = v + λϕ(w)u for any vec-
tor v = λ1v1 + · · · + λn−1vn−1 + λw . It is clear that tϕ1,u /= tϕ2,u if and only if
ϕ1(w) /= ϕ2(w). Thus, tϕ,u has the form tµωn,u for some µ ∈ GF(q). In particular, if
tϕ,u is a unitary transvection, then µ + µ
√
q
= 0. 
Let G(q), q = qr0 , be one of the groups SLn(q), Spn(q), SUn(q) (q a square)
and F be the form associated with G(q). We will denote by 0 the lattice of totally
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isotropic subspaces with respect to the restriction F|V0 of F to V0. Let G0 be the
stabilizer of 0 in G(q). In the unitary case, we assume r  3 since the case r = 2
has already been studied in [4].
It is of interest to know the structure of the group G0.
Assume G(q) = SLn(q). Let g ∈ G0 and let v1, . . . , vn be a basis for V0. Then
there exists h1 ∈ SLn(q0) such that h1g(vi) = λivi with λi ∈ GF(q), i = 1, . . . , n.
As h1g fixes 0, it follows that λi = λ1βi , i = 2, . . . , n, with βi ∈ GF(q0). Thus,
h1g = λ1h2 with h2 ∈ GLn(q0) and this implies that g is the product of a scalar
transformation on V and an element of GLn(q0). Indeed all such transformations on
V stabilize 0. Therefore, G0 consists of all such products in SLn(q).
Assume G(q) = Spn(q). Let g ∈ G0 and let v1, . . . , vm, vm+1, . . . , vn, with n =
2m, be a symplectic base for V with respect to A, i.e. A(vi, vm+j ) = δij . Then
A(g(vi), g(vm+j )) = 0 if and only if i /= j . Then there exists h1 ∈ Spn(q0) such that
h1g(vi) = λivi with λi ∈ GF(q), i = 1, . . . , n. As h1g fixes 0, it follows that λi =
λβi , i = 2, . . . , n, for some βi ∈ GF(q0). Hence h1g = λ1h2, where h2 ∈ GLn(q0)
and fixes 0. By a result of Dye [7, Lemma 1], h2 ∈ GSpn(q0). Therefore, G0
consists of all such products in Spn(q).
In the unitary case, we proceed as in the symplectic case by using a result of King
[9, Proposition 1].
3. Proof of Theorem 1.1
Let M  G(q) such that G0 < M and T be the subgroup of M generated by all
transvections in M . Denote by C and C0 the set of all centers of transvections in T
and in G0, respectively.
The following result, stated according to our notation, is due to Wagner.
Theorem 3.1 [14]. Let V be a vector space of dimension n  3 over GF(q). Let X
be a group acting on V which satisfies the following conditions:
(i) X is generated by transvections;
(ii) X acts irreducibly on V ;
(iii) for some one-dimensional subspace P and (n − 1)-dimensional subspace H
the group of transvections with center P and axis H has order q1 > 2.
Then the following possibilities exist for X:
(a) X 	 SLn(q1). The centers of transvections in X are one-dimensional
subspaces of a vector space V1 ⊂ V of dimension n over a subfield GF(q1)
of GF(q) and X restricted to V1 is SLn(q1);
(b) X 	 Spn(q1). The centers of transvections in X are one-dimensional
subspaces of a vector space V1 ⊂ V of dimension n over a subfield GF(q1)
of GF(q) and X restricted to V1 is Spn(q1);
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(c) q is a square and X 	 SU(q1) (q1 a square). The centers of transvections in X
are one-dimensional subspaces of a unique vector space V1 ⊂ V of dimension
n over a subfield GF(q1) of GF(q) and X restricted to V1 is SU(q1).
Before proving our main result, we need the following Lemma.
Lemma 3.2. T acts irreducibly on V.
Proof. First of all note that T acts irreducibly on V if G0 does. Hence, it suf-
fices to show that G0 acts irreducibly on V . Suppose that G0 acts reducibly on V .
Then, there exists a proper subspace U of V such that gU = U for all g ∈ G0. If
G(q) = SLn(q), then for every transvection g ∈ G0, the center of g either lies in U
or the axis contains U , and from this the center lies in U . Thus, either U = V or
U = {0} as C0 spans V , a contradiction.
If G(q) /= SLn(q), for every transvection g ∈ G0, the center of g either lies in U
or in U⊥.
If either C0 ⊂ U or C0 ⊂ U⊥, then either U = V or U = {0} as C0 spans V ,
a contradiction. Now, assume that C0 has non-empty intersection with U and U⊥
(where V = U ⊕ U⊥). For every pair (x, y) ⊂ C0 with x ∈ U and y ∈ U⊥, there
exists a transvection in G0 whose center, say 〈z〉, lies on the line 〈x, y〉 of 0 with z
neither on U nor on U⊥, a contradiction. 
Let f ∈ M\G0. Then, there exists v ∈ C0 such that f (v) ∈ C0. Let P = 〈v〉.
There are precisely q0 transvections in G0 with center P and axis H (in the symplec-
tic and unitary cases H = P⊥). Let t ∈ G0 be any such a transvection. Then f tf −1
is a transvection of T with center 〈f (v)〉 and axis fH . It follows that T contains
at least q0 transvections with center 〈f (v)〉 and axis fH . Suppose that T contains
exactly q0 (√q0 in the unitary case) transvections with center 〈f (v)〉 and axis fH .
By Theorem 3.1, C consists of all totally isotropic 1-dimensional subspaces of V0
with respect the restriction F|V0 of F to V0.
Thus f (v) should be in V0, a contradiction. Hence, T contains q1 > q0 (q1 > √q0
in the unitary case) transvections with center 〈f (v)〉 and axis fH . Lemma 2.1 forces
T to contain necessarily q1 = q (q1 = √q in the unitary case) transvections with
center 〈f (v)〉 and axis fH . Again from Theorem 3.1, T = G(q), so that M = G(q)
and G0 is maximal in G(q). Thus, Theorem 1.1 has been proved. 
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